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Let H be a Hopf algebra
e c: H—>C
* AtH—- H®H,Ah=) 1, @y; = hu) @ h)
e S:H—H

Let HF = HNkere and h™ = h —e(h)1 for h € H.
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Nichols algebras

A braided vector space is a pair (V, o) where V is a vector
space and o € Aut(V ® V') such that

012023012 = 023012023, o12 1= 0 ®1id, 093 :=id ®o.

Let B,, be the braid group of n stands generated by 51, ..., 8,
subject to the relations

BiBi+18i = Bix1BiBi+1, 1<4,j <n—2;
BiBj = B;Bi, 1<i,j<n—-2,i—j|>2.

pn:Bp — Aut(VE),  p,(B) =id®--- ®id®e ®id® - ®id,
S: Sn — B, such that S(ti) = BZ', S(titi_;_l) = S(ti)s(ti+1)
= pals(m)): VI - Ve,

TESh
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Nichols algebras

Definition
The Nichols algebra of a braided vector space (V, o) is the
braided Hopf algebra defined by

BV):=  Ba(V), where B,(V)="T"(V)/ker(&).

nGZnZO

Example
oc(v®@w)=w®uvforalv,weVthen B(V)=A(V).

Example
clv@w)=-w®uvforalv,weVthen B(V)=S(V).

Example
For Uy(g), Uy(ny) and U,(n_) are Nichols algebras.
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Yetter—Drinfeld modules

Definition

A Yetter—Drinfeld module over a Hopf algebra H is an
H-module V, with an action «, and a H-comodule structure
such that

U(O)Qh(1)®v(1)<h(2) = (U<1h(2))(0)®h(1)(UQh(Z))(l) Vhe HyvelV.
The category of Yetter—Drinfeld modules over H is denoted

by YD,

The braiding in the category YDZ is defined by

o: VW — WV, VW = wey@vdwqy forveV,weW.
Example

H=C{l},val=vforallve Vithen B(V)=S(V).

Example

H =C{Z/2} = Span{l, -1}, v<(—=1) = —v then B(V) = A(V).
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Quantum Homogeneous Spaces

Let G and H be Hopf algebras, and = : G — H a surjective
Hopf algebra map. A right H-coaction, giving G the structure of
a right H-comodule algebra, is given by

Ap:=(d®m)ocA:G—G® H.

We call the coinvariant subspace M := G°H of such a
coaction a quantum homogeneous space.

A strong bicovariant splitting map is a unital linear map
i: H — G splitting the projection = : G — H such that

(i®id)o A = Agoi, (ild®i)o A = Apoi.

Remark

The coproduct of G restricts to a left M -comodule

Ar: M — G® M, giving M the structure of a left G-comodule
map.
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Takeuchi’s Categorical Equivalence

Let #Mod denote the category of left H-comodules.
Definition

Let %Modo be the category whose objects are left
G-comodules Aj : F — G ® F, endowed with a
M-M-bimodule structure, such that

O Ar(mf) =Ar(m)AL(f), forall f € F,m € M,
® FB* = B*F,
and whose morphisms are left G-comodule, M -M-bimodule,

maps.
Denoting by [0 the cotensor product over H.

@ : §;Mody — Mod, F s F/M*'F,

¥ : AMod — §;Mod, V — GOyV,

where the left H-comodule structure of ®(F) is given by
(m ®1id) o A, and the M-M-module, and left G-comodule,
structures of U (V) are defined on the first tensor factor.
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Differential Calculi

Definition
A differential calculi is a dg-algebra (Q2* ~ ;.7 QF, d) which
is generated in degree 0 as a dg-algebra. -

Definition

A first-order differential calculi over an algebra A is a pair
(Q,d), where Q' is A-A-bimodule and d: A — Q! is a linear
map such that

1) d(ab) = (da)b + adb for all a,b € A,

2) 0! is generated as a left A-module by

dA = Span(da | a € A).
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Universal Differential Calculi

Definition
The universal first-order calculi over A is the pair (Q2%(A),d,),
where

O QL(A) = kerm, where m: A® A — A it the product map,
Od,a—1®a—a®lforac A.

Theorem (Woronowicz’'89)

Every first-order differential calculi over A is of the form
(QL(A)/N,projod,), where N is a A-sub-bimodule of QL (A),
and proj: QL(A) — QL(A)/N is the canonical projection.

For Q! = Ql(A)/N the maximal prolongation is the differential
calculi over A given by the pair

(Q*(A) =T (A)/(N +dN),d).
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Covariant Differential Calculi

A first-order differential calculi (2! (M), d) over a quantum
homogeneous space M = G is covariant if there exists a
map Az: Q'(M) — G ® Q' (M) such that

Arp(mdn) = A(m)(id ®d)A(n) forall m,n € M.

Note that Q' (M) is an object in §;Mod,,. Moreover,

(., (M),d,) is covariant and any covariant

caleculi Q1 (M) ~ QY (M) /N is classified by the sub-object N
of QL (M) in {Mod ;.

Warning. d is not a morphism in §;Mod .
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Differential Calculi

Denote by “Z(M™) the category whose objects I are
sub-comodules of M, satisfying

bmT el foralmeM,bel

and for two objects I, J, the hom-set Hom(7, .J) is comprised of
the inclusion map if I C J, and is otherwise empty.

Theorem
An equivalence of categories between " T(M*) and
HFODC(M) is given by functors

I: "FODC(M) — HZ(M™), Qu(M)/N — {e(ai)b) | Y a;db; € N}
K: (M) — HFODC(M), I (d(M*1/I),d), Tefz(MmT)
where the exterior derivative is defined according to

d: M —®M*/I), m—mg® [m(g)] form € M,
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Principal Comodule Algebras

We say that a left H-comodule algebra P is a H-Hopf—Galois
extension of M := P<(H) if the following map is an
isomorphism

can := (mp ®id) o Id®AR) : Py P - P® H.

where mp is the multiplication in P.

Definition

A principal right H-comodule algebra is a right H-comodule
algebra (P, Ar) such that P is a H-Hopf-Galois extension
of M and P is faithfully flat as a right and left A/-module.
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Quantum Principal Bundles

For a right H-comodule algebra (P, Ag) with M := P we
have that the extension M — P being Hopf-Galois extension is
equivalent to exactness of the sequence

0 — POl (M Pl (P) B PoHY — 0,
where QL (M) is the restriction of Q! (P) to M, ¢ is the inclusion
map.
Definition
A quantum principal bundle is a triple (P, H, N') consisting of a
H-Hopf—Galois extension Ar : P — P ® H of M = p«°H
together with a sub-P-P-bimodule N C QL (P) which is
coinvariant under the right H-coaction Ax and for which there
exists an Ady-coinvariant right ideal I C H* satisfying
ver(N) =M ® I.
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Quantum Principal Bundles

Q,(G)
unitgl ver

G® Gt don GDHH+

where ver is the restriction of ver to Q! (G). This means that for
any sub-G' — G-bimodule N C QL (@), with corresponding ideal
unitg(N) = I, it holds that

ver(N) =G n(l).

From this we see that the requirement that ver(N) = M ® I is
automatically satisfied. Meaning that a quantum principal
homogeneous space can equivalently described as a
homogeneous Hopf—Galois extension, together with an
Adp-coideal of G™.
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Theorem

Letw : G — H define a quantum principal bundle with

M = G°H and Vi, .= ®(QY(M)). A right H-action is defined
by

Ve H—= Vi, ([m],h) = [m-i(h)], me M,heH,
a right H -coaction is defined by
Adr: M - M®H, Adg: m—)m(2)®7r(5’(m(1))m(3)), meM

The module structure is independent of the choice of i, and a
Yetter—Drinfeld module is given by the triple (Vi;, <, AdRr).
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Quantised Coordinate Algebras O,(G)

Let V' be a finite-dimensional U,(g)-module, v € V, and f € V¥,
the linear dual of V. Consider the function

c})/:f : Uy(g) — C, X~ f(X(v)).
The coordinate ring of V' is the subspace
C(V) = Spanc{ey s [v eV, f € V'} C Uy()".

In fact, we see that C(V') C U,(g)°, where U,(g)° denotes the
Hopf dual of a Hopf algebra U, (g), and that a Hopf subalgebra
of U,(g)° is given by

0,G) = B Cw).

VeRep,Uq(g)

We call O,(G) the quantum coordinate algebra of G, where G
is the unique connected, simply connected, complex algebraic
group having g as its complex Lie algebra.
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Quantum Flag Manifolds

Let g be a complex simple Lie algebra of rank . For S a subset
of simple roots, consider the Hopf subalgebra

Uq([s) = <K¢,Ej,Fj ‘ 1=1,... y Ty € S>
From the Hopf algebra embedding . : U,(ls) — U,(g), we get
the dual Hopf algebra map .° : U,(g)° — U,(ls)°. We have
s = %o, @)+ Og(G) — Uy(ls)®,

and the Hopf subalgebra O,(Ls) := 75(04(G)) C Uy(ls)°.
The quantum-homogeneous space

m: O0y(G) = Oy(Ls), (1)
is called the quantum flag manifold associated to S and
denoted by

04(G/Ls) :

o, (G)CO(Oq(Ls))‘
(

The extension O,(G/Lgs) — O,
algebra.

G3) is a principal comodule
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Theorem (Heckenberger—Kolb)

For S a subset of simple roots corresponding to the classical
irreducible flag manifolds, there exist exactly two
non-isomorphic, irreducible, left-covariant, finite-dimensional,
first-order differential calculi of finite dimension over O,(G/Lyg).
Moreover, the corresponding maximal prolongations have
classical dimensions.

We denote the direct sum of the corresponding calculi by

Ok (G/Ls) = QG /Ls) & QN2 (G/Ls).
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Quantum Grassmannians

In this case we have g = sl,, and [g = s, & gl,,_,.
Denote the corresponding quantized coordinate algebra
as Oy(Gry ) = Og(SU,, )0 OalSUrxUn-1),

Fact. The quantum principal bundle given by

(Og(Gry ) = Og(SU,), 24(SU,,)) does not gives Q}, - (Gry, ).
Proposition

There is an ideal N such that the restriction of QL (SU,,)/N to
O4(Grpy) is Qky 4 (Gry, ) and

(O4(Gry ) = O4(SU,), 04,(SU,)/N) defines a quantum
principal bundle.
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Main Theorem: Quantum Grassmannian Case

Theorem

The maximal prolongations of lel() (Gry,) and QS,(? (Gry,-) are
Nichols algebras. The corresponding Yetter—Drinfeld module
structures are given by the quantum principal bundle

(Og(Gryr) = Og(SUL), Q;C(SUH)/N)'
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Sketch of Proof

o Let V = 3(Q0Y(Gr,,)) then Q") (Gr,,)) = V* as
Uy(sl, @ gl,,_,)-module. Moreover, V = W; ® W, where W is a
tautological U, (sl,)-module and W is a tautological
Uy(gl,,_,.)-module.

\Va ® V= uAQWl» ® 4¢A2W2>7 “SQW1” ® “S2W2”.

@ cc52W177 ® LtA2W277 @ cLA2W177 ® “52W2”.
e For the maximal prolongation Q%’}?(Grm) of Qg}(p(Grm)
e.0
B (Gryp)) = AV = T(V)/(A2V).

e Quantum Howe duality

Ag(V) = Ag(Wh @ Wa) ~ ) My @ My, (2)
A

where )\ varies over all r-bounded (partitions) weights
of U,(sl,), A! is the transpose of \.
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